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In a recent paper [1] we have presented a mechanism to generate mass from gravitational interac-
tion, based on the Mach principle, according to which the inertia of a body is a property of matter
as well as of the background provided by the rest-of-the-universe. In [1] we realized such an idea for
a scalar field treating the rest-of-the-universe in its vacuum state. In the present paper we describe
a similar mechanism for fermions.
PACS numbers:
I. INTRODUCTION
In the realm of high-energy physics, the Higgs model
produced an efficient scenario for generating mass to the
vector bosons [2].
At its origin appears a process relating the transfor-
mation of a global symmetry into a local one and the
corresponding presence of vector gauge fields.
This mechanism appeals to the intervention of a scalar
field that appears as the vehicle which provides mass to
the gauge vector field Wµ. For the mass to be a real and
constant value (a different value for each field) the scalar
field ϕ must be in a minimum state of its potential. This
fundamental state of the self-interacting scalar field has
an energy distribution given by Tµν = V (ϕ0) gµν . A par-
ticular form of self-interaction of the scalar field ϕ allows
the existence of a constant value V (ϕ0) that is directly
related to the mass of Wµ. This scalar field has its own
mass, the origin of which rests unclear. In [1] we pre-
sented a new mechanism depending on the gravitational
interaction, that can provides mass to the scalar field. In
the present paper we extend this strategy to the case of
fermions.
Although the concept of mass pervades most of all
analysis involving gravitational interaction, it is an un-
comfortable situation that still to this day there has been
no successful attempt to derive a mechanism by means
of which mass appears as a direct consequence of a dy-
namical process depending on gravity [3].
The main idea concerning inertia in the realm of grav-
ity according to the origins of General Relativity, goes in
the opposite direction: while the Higgs mechanism ex-
plores the reduction of a global symmetry into a local
one, the Mach principle suggests a cosmical dependence
of local properties, making the origin of the mass of a
given body to depend on the structure of the whole uni-
verse. In this way, there ought to exist a mechanism by
means of which this quantity - the mass – depends on
the state of the universe. The purpose of this paper is to
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exhibit an example of such mechanism.
We start by considering Mach principle as the state-
ment according to which the inertial properties of a body
A are determined by the energy-momentum throughout
all space. How could we describe such universal state
that takes into account the whole contribution of the
rest-of-the-universe onto A ? There is no simpler way
than to consider this state as the most homogeneous one
and relate it to what Einstein attributed to the cosmo-
logical constant or, in modern language, the vacuum of
all remaining bodies. This means to describe the energy-
momentum distribution of all complementary bodies of
A in the Universe as
TUµν = Λ gµν
This article is written in the following stages: in the
next section I will do a revision of the mechanism in the
case of matter being represented by a scalar field. We
shall see how the existence of an action by the rest-of-
the-universe on a massless field may provide it with a
mass. In the following section we will turn our attention
to the case of a massless spinor field. We end with some
comments on this strategy and further consequences.
II. THE CASE OF SCALAR FIELD
Let ϕ be a massless field the dynamics of which is given
by the Lagrangian
Lϕ =
1
2
∂αϕ∂
αϕ
In the framework of General Relativity its gravitational
interaction will be given by the Lagrangian
L =
1
κ
R+
1
2
W (ϕ) ∂αϕ∂
αϕ+B(ϕ)R − 1
κ
Λ (1)
where for the time being the dependence of B and W
on the scalar field is not fixed. This dynamics represents
a scalar field coupled non-minimally with gravity. The
cosmological constant is added by the reasons presented
above and as we shall see it represents the influence of the
2rest-of-the-universe on ϕ. In the present proposed mech-
anism, such Λ is the real responsible to provide mass for
the scalar field. This means that if we set Λ = 0 the
mass of the scalar field will vanish, as we shall see. The
factor W (ϕ) has been introduced to eliminate terms in-
volving (∂αϕ)
2 that have their origin in the non-minimal
coupling with gravity.
Independent variation of ϕ and gµν yields
W ϕ+
1
2
W ′ ∂αϕ∂
αϕ−B′R = 0 (2)
α0 (Rµν −
1
2
Rgµν) = −Tµν (3)
where for graphical simplicity we set α0 ≡ 2/κ and B′ ≡
∂B/∂ϕ. The energy-momentum tensor defined by
Tµν =
2√−g
δ(
√−g L)
δgµν
is given by
Tµν = W ∂µϕ∂νϕ− 1
2
W ∂αϕ∂
αϕgµν
+ 2B (Rµν −
1
2
Rgµν)
+ 2∇µ∇νB − 2B gµν + 1
κ
Λ gµν (4)
Taking the trace of equation (3) we obtain
(α0+2B)R = − ∂αϕ∂αϕ (W+6B′′)−6B′ϕ+4
Λ
κ
(5)
where we use B = B′ϕ+B′′ ∂αϕ∂
αϕ.
Inserting this result on the equation (2 ) yields
Mϕ + N ∂αϕ∂
αϕ−Q = 0 (6)
where
M ≡W + 6(B
′)2
α0 + 2B
N ≡ 1
2
W ′ +
B′ (W + 6B′′)
α0 + 2B
Q =
4ΛB′
κ (α0 + 2B)
Thus, through the non-minimal coupling with the
gravitational field it follows that the scalar field acquires
an effective self-interaction.
At this point it is worth to select among all possible
candidates of B and W a particular one that makes the
factor on the gradient of the field to disappear on the
equation of motion by setting N = 0. This condition will
give W as a function of B :
W =
2q − 6(B′)2
α0 + 2B
(7)
where q is a constant. Inserting this result into the equa-
tion (6) yields
ϕ− 2Λ
q κ
B′ = 0. (8)
At this point one is led to set
B = −β
4
ϕ2
to obtain
ϕ+ µ2 ϕ = 0 (9)
where
µ2 ≡ β Λ
q κ
(10)
For the function W it follows
W =
2α0 − 3 β2 ϕ2
2α0 − βϕ2
in which we have choose 2q = α0 in order to obtain
the standard value for the dynamics in case β is zero.
Thus as a result of the above process we have succeeded
to provide to the scalar field a mass µ that depends on
the constant β and on the existence of Λ :
µ2 = β Λ (11)
If Λ vanishes then the mass of the field vanishes. This
is precisely what we envisaged to obtain: the net effect
of the non-minimal coupling of gravity with the scalar
field corresponds to a specific self-interaction of the scalar
field. The mass of the field appears only if we take into
account the existence of all remaining bodies in the uni-
verse — represented by the cosmological constant — in
the state in which all existing matter is on the corre-
sponding vacuum. The values of different masses for dif-
ferent fields is contemplated in the parameter β.
A. Renormalization of the mass
The effect of the rest-of-the-universe on a massive
scalar field can be analyzed through the same lines as
above. Indeed, let us consider the case in which the free
field dynamics is given by
L =
1
κ
R+
1
2
∂αϕ∂
αϕ+B(ϕ)R − V (ϕ) − Λ (12)
3where one is led to choose B = a+b ϕ−1/12ϕ2 to obtain
after some algebraic steps
ϕ+ V ′eff = 0
where the effective potential Veff is described in terms of
Λ, the pre-existing potential V and its derivatives. The
net effect of the action of the rest-of-the-universe is in
this case to modify the potential V and to re-normalize
the mass.
III. THE CASE OF FERMIONS
Let us now turn our attention to the case of fermions.
The massless theory for a spinor field is given by Dirac
equation:
iγµ∂µΨ = 0 (13)
In the framework of General Relativity its gravitational
interaction is driven by the Lagrangian (we are using
units were ~ = c = 1)
L =
i
2
Ψ¯γµ∇µΨ− i
2
∇µΨ¯γµΨ
+
1
κ
R+ V (Φ)R − 1
κ
Λ
+ LCT (14)
where the non-minimal coupling of the spinor field with
gravity is contained in the term V (Φ) that depends on
the scalar
Φ ≡ Ψ¯Ψ
that preserves the gauge invariance of the theory under
the map Ψ → exp(i θ)Ψ. Note that the presence of the
factor on Φ on the dynamics of Ψ breaks the chiral in-
variance of the mass-less fermion, a condition that is nec-
essary for a mass to appear.
For the time being the dependence of V on Φ is not
fixed. We have added a counter-term LCT for reasons
that will be clear later on. On the other hand, the form
of the counter-term should be guessed, from the previous
analysis that we made for the scalar case, that is we set
LCT = H(Φ) ∂µΦ ∂
µΦ (15)
This dynamics represents a massless spinor field cou-
pled non-minimally with gravity. The cosmological con-
stant is added by the reasons presented above and as
we shall see it represents the influence of the rest-of-the-
universe on Ψ.
Independent variation of Ψ and gµν yields
iγµ∇µΨ+ (RV ′ −H ′ ∂µΦ ∂µΦ− 2HΦ) Ψ = 0 (16)
α0 (Rµν − 1
2
Rgµν) = −Tµν (17)
where V ′ ≡ ∂V/∂Φ. The energy-momentum tensor is
given by
Tµν =
i
4
Ψ¯γ(µ∇ν)Ψ−
i
4
∇(µΨ¯γν)Ψ
+ 2V (Rµν − 1
2
Rgµν) + 2∇µ∇νV − 2V gµν
+ 2H ∂µΦ ∂νΦ−H ∂λΦ ∂λΦ gµν + α0
2
Λ gµν(18)
Taking the trace of equation (17) we obtain after some
algebraic manipulation:
(α0 + 2V + V
′)R = H ′Φ ∂αΦ ∂
αΦ
+ 2H ΦΦ− 6V + 2α0 Λ(19)
Inserting this result back on the equation (16) yields
iγµ∇µΨ+
(
X ∂λΦ ∂
λΦ + YΦ
)
Ψ+ ZΨ = 0 (20)
where
Z ≡ 2α0 ΛV
′
α0 + 2V +ΦV ′
X =
V ′ (ΦH ′ − 2H − 6V ′′)
α0 + 2V +ΦV ′
−H ′
Y =
V ′ (2H Φ− 6V ′)
α0 + 2V +ΦV ′
− 2H
At this stage it is worth selecting among all possible
candidates of V and H particular ones that makes the
factor on the gradient and on  of the field to disappear
from equation (20). The simplest way is to set X = Y = 0
which imply only one condition, that is
H =
− 3(V ′)2
α0 + 2V
(21)
The non-minimal term V is such that Z reduces to a
constant, that is
V =
α0
2
[
(1 + σΦ)−2 − 1] (22)
Then it follows immediately
H = −3α0 σ2 (1 + σΦ)−4 (23)
where σ is a constant.
The equation for the spinor becomes
iγµ∇µΨ−mΨ = 0 (24)
4where
m =
4 σΛ
κ
. (25)
Thus as a result of the above process we have succeeded
to provide to the spinor field a mass m that depends cru-
cially on the existence of Λ. If Λ vanishes then the mass
of the field vanishes. This is precisely what we envisaged
to obtain: the net effect of the non-minimal coupling of
gravity with the spinor field corresponds to a specific self-
interaction. The mass of the field appears only if we take
into account the existence of all remaining bodies in the
universe — represented by the cosmological constant —
in the state in which all existing matter is on the cor-
responding vacuum. The values of different masses for
different fields are contemplated in the parameter σ.
The various steps of our mechanism can be synthesized
as follows:
• The dynamics of a massles spinor field Ψ is de-
scribed by the Lagrangian
LD =
i
2
Ψ¯γµ∇µΨ− i
2
∇µΨ¯γµΨ;
• Gravity is described in General Relativity by the
scalar of curvature
LE = R;
• The field interacts with gravity in a non-minimal
way described by the term
Lint = V (Φ)R
where Φ = Ψ¯Ψ;
• The action of the rest-of-the-universe on the spinor
field, through the gravitational intermediary, is
contained in the form of an additional constant
term on the Lagrangian noted as Λ;
• A counter-term depending on the invariant Φ is in-
troduced to kill extra terms coming from gravita-
tional interaction;
• As a result of this process, after choosing V and H
the field acquires a mass being described as
iγµ∇µΨ−mΨ = 0
where m is given by equation (25) and is zero only
if the cosmological constant vanishes.
This procedure allows us to state that the mechanism
proposed here is to be understood as a form of realization
of Mach principle according to which the inertia of a body
depends on the background of the rest-of-the-universe.
Besides, our strategy can be applied in a more general
context in support of the idea that (local) properties of
microphysics may depend on the (global) properties of
the universe. We will come back to this in a future paper
[4].
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